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Abstract: This paperintroducesan efficient hierarchicalalgorithmcapableof
simulatinglight transferfor complexscenescontainingnon-diffusesurfaces.The
algorithmstemsfromanewformulationof hierarchicalenergyexchangesbetween





directionalinformationin thehierarchy. Theframeworkpresentedis well suited
to amulti-resolutionrepresentation,whichmayin turn significantlyalleviatethe
storageproblems.Resultsfrom an implementationarepresented,indicatingthe
feasibilityof theapproachandits capacityto treatcomplexscenes.
1 Intr oduction
Thehierarchicalradiosityalgorithmpermitstheefficient computationof radiosityso-
lution within well-understooderror-bounds.Its main limitation is the “initial-linking"
step,which for scenesof diffuse polygonsaddsa quadraticcomputationalcost.As
a consequencethe algorithmis unusablefor large environments.Recentlypresented
clusteringalgorithmsfor hierarchicalsolutions[10, 6], avoidthequadraticcostby first
clusteringtheenvironmentandthenrefiningtheclusters.
Nonetheless,little work hasbeenperformedfor non-diffuseenvironments.Two-
passalgorithms[9, 11] andageneralsolutionusingdirectionalrepresentations[7] have
treatedmoregeneralenvironmentsin the contextof progressiverefinementradiosity.
A hierarchicalsolutionto generalenvironmentshasalsobeenproposed[1], but in the
caseof that algorithmthe initial linking costbecomes
	 in thenumberof initial
polygons,makingit unusableevenfor moderatelycomplexscenes.
Theprocessingof complexenvironmentswith generalreflectorsis anecessity, since
almostall interestingscenescontainat leastsomepercentageof non-diffusematerials.
In this paperwe presenta frameworkwhich providesthe necessarymachineryfor
the treatmentof non-diffuseenvironmentsin the contextof a hierarchicalclustering
algorithm.This frameworkis anaturalextensionof previousclusteringmethodssince,
asnotedbefore[6], clustersdonotbehaveasisotropicscatterers,evenif composedsolely
of diffusesurfaces.It is basedon therepresentationof radiantintensityby directional
distributionfunctions,andextendsthespirit presentedin [7] to hierarchicalclustering.
Theresultis thefirst efficienthierarchicalalgorithmpermittingtheefficientof complex,
non-diffuseenvironments.In addition,this representationaffords a smoothtransition
betweenthe representationat the level of (non-diffuse and diffuse) surfacesto the
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level of clusters.Finally, theframeworkopenstheway to anefficient multi-resolution
representationof light propertiesfor clusters.
In contrastwith previousclusteringapproachesour new methodis basedon the
storageof directionalpropertieswith the clusters.This approachrequiresthe recon-
siderationof someof the quantitiespreviouslyusedsincewe are now dealingwith
directionalenergy exchangesbetweenclusters.In Section2 we characterisethedirec-
tionalpropertiesof clusterswhichareusedin oursolution.In Section3 weintroducethe
newalgorithmwhichis basedonthedirectionalrepresentation,in Section4 wediscuss
the issuespertainingto possibleapproachesto storingdirectionaldistributionsandin
Section5 we presentsomeimplementationissuesandsomefirst results.We conclude
in Section6 with a discussionof limitationsandthedirectionsfor futureresearch.
2 Characterization of dir ectionalenergytransfer
As outlinedabove,we will betreatingthelight leavingandimpingingon clustersasa
functionof direction.In particularwewanttobeabletostoreandmanipulatedirectional
functionsto characterizetheradiantbehaviourof acluster. In thissectionwediscussthe
physicalquantitiesused,their representationandtheir relationto traditionalradiosity
variables.
Forthemostgeneraldiscussionof directionallight transfer,weconsiderlight leaving
thecluster, light impingingonthecluster, andlight passingthroughthecluster. Wealso
introduceaparticulardirectionalfunctionusefulfor theexpressionof energyexchanges
with distributions.In the remainderof this paperwe will denotea directionin space







For thedescriptionof light leavingthecluster, weuseradiant intensity,  , representing
power per unit solid angle.At a point  on a surface,radiantintensity is relatedto
radianceby thefollowing formula:
     ! "$# % (1)
where  is thesurfacenormaland ! is thedifferentialsurfaceareaaroundpoint  . In
thecaseof a diffusesurfacewith radiosity & , radiantintensityis thusgivenby
   &' ! ($# *)
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2.2 Incoming Light
Forlight arrivingonacluster, weusethestandard(incoming)radiancequantity, defined
astheamountof powerreceivedperunitareaperpendicularto thedirectionof incidence
andperunit solid angle.
With thisdefinition,if thedistributionof incidentradianceatpoint  is +, -  , the
incomingflux densityperunit solidangleonasurfaceplacedat  with normaldirection is +/.(- 01+,- 23#  (2)
2.3 The Tangent-spherefunction
In Equations1 and2 above,thescalarproductsmustbeunderstoodasbeingzeroif the
surfaceis not facing the right direction.For notationalconveniencewe representhis
extendedscalarproductasa function of  . Let us definethe tangent-sphere function4657 "  for a direction  by
4 57 " 0 $#  if 8# :9<;; Otherwise (3)
As shownin Fig. 2 thesurfacegivenin sphericalcoordinatesby => 4 57 "  hasthe
shapeof aspheretangentto theplaneorthogonalto  .
?
Fig.2. Tangent-Spherefunction.
Usingthis function,Equations1 and2 canberewrittenas
@ /A  ! 4657 "  (4)
and +/.( - 01+, B  4 57 2  (5)
2.4 Extinction properties
Thetransmissionpropertiesof objectclusterscanbediscussedusinga fruitful analogy
with semi-transparentvolumeswith opticalextinctionproperties.Previouswork along
this line hasproposedto computeequivalentisotropicextinctioncoefficientsfor object





for eachclusteradirectionalextinctioncoefficient,usedto evaluatetheattenuationof a
light beamtraversingtheclusterin agivendirection.Thetotalprojectedareain agiven
directioncanbeprecomputedandstoredwith eachcluster. It is givenby thefollowing
sumoverthesurfacescontainedin thecluster:
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I 2 0 J ! J 4/57LK M  (6)
A directionalextinctioncoefficient is thenobtainedwith thefollowing formula:
C%2 
I 2 H (7)
C*2  is usedasin [6] to computeapproximatetransmissionthrougha cluster, asit
representsthe rateof attenuationperunit lengthin thedirectionof interest.Note that
the factor of
F
from the isotropicformula is no longerpresent,sinceit accountedfor
the averagingover all directions.Plate1 (seeAppendix)showsresultsobtainedwith
directionalextinction.
2.5 Light Scattering
For now we only considerthe transformationof incominglight into outgoinglight to
takeplaceat surfaces.We assumethata surfaceorientedin direction  is placedat the
origin. Thesurfaceis smallenoughfor all distributionsto besafelyassumedconstant
acrossits surface.One difficulty in expressingthe generallight scatteringequation
is that surfacescatteringis bestdescribedin a coordinatesystemthat is local to the
surface.Let us definea linear transformationN 57 suchthat @O PN 57  is the unit
vectorrepresentingthe directionof  in a coordinatesystemattachedto the surface.





Surfacescattering In thisparagraphweexpressall directionsin thesurfacecoordinate
system.Theradianceleavingthesurfacein a direction @O is givenby
/" O 0 5U(VXWLY@Z + . 2 O [L\^]" O - O  2_ 5U V (8)
where +6.(2`O  M_ 5U(V is theincidentflux densityon thesurfacefrom thedifferentialsolid
angle
M_ 5U V arounddirection `O . a,b is theupperhemisphere(abovethesurface).
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Expressingradiant intensity fr om incident radiance We now wish to expressthe
scatteringequationusing the directionalquantitiesdefinedabove,and in a general
(world) coordinatesystem,not tied to any particularsurface.This simply requiresa
numberof coordinatetransformationsusing N 57 . CombiningEquations4 and8, we
canexpresstheradiantintensityleavinga surfacein direction  as
@"  ! 4 57 "  "  (9)
 ! 4 57 "  cN 57   (10)
 ! 4657 "  5U V WLY Z + . M O [`\^]cN 57  - O  2_ 5U V ) (11)
Using Equation5 and changingthe integrationvariable to be a unit vector in the
hemisphereabovetheorientedsurface, dNfe
g57 hO , wehave
@" 0 ! 4 57 "  5U-W Njihk Y Z +,2
  4 57 2 [`\^]cN 57  N 57   2_ 5U (12)
Ideal diffuse case For idealdiffusesurfaces,theBRDFis aconstant,andEquation12
reducesto
@" 0 ! 4 57 "  [L]' 5U-W Nlihk Y Z +,2
  4 57 M  2_ 5U (13)
Theintegralin Equation13representsthetotal incidentflux density(irradiance)on
thesurface.
3 A Cluster-BasedIllumination Algorithm for GeneralScenes
Existingradiosityclusteringalgorithmscanbeadaptedto work with directionalinfor-
mation,with little modificationasdescribedin this section.We assumeherethat the
readeris familiar with hierarchicalradiosityand clusteringalgorithms[3, 10, 6]. In
thesemethods,a hierarchicalsubdivisionstructureof 3D spaceis usedto collectsur-
facesinto clusters.Themainideaof thenewgeneralclusteringalgorithmis to associate





transferbetweenapairof objectsis slightly differentthanwith usualradiosity. Transfer
estimatesareneededin two stagesof a hierarchicalradiosityalgorithm.First,a bound
on thetotalenergy transferbetweentwo objects(or clusters)mustbecomputedduring
thelink refinementstage.Second,theactualenergy transfertakesplacein a gathering
stage,wheretheincomingenergy is computedacrosseachlink.
The notion of “form factor" usedin our algorithmis redefinedfrom purely algo-
rithmic considerations:theform factorassociatedto eachlink is thescalarquantityby
which theradiantintensityvalueof anemittermustbemultipliedto obtaintheincident
irradiance(powerper unit areaperpendicularto the directionof propagation)on the
receiver.
6
This quantityis simply derivedfrom theexpressionof radiantintensityandirradi-
ance,andis






For the purposeof makinga refinementdecision,a hierarchicalsubdivisioncriterion










, yieldingadirection  . Multiplying o "  with the“form-factor" m nvo weobtainanincidentirradiancecontributionon s from
direction  xw3 , denotedby y npo . Notethat,in a mannersimilar to Lischinskiat al’s
work [5], anactualboundonthis transfercanbecomputed,providedwestorenotonly
theaverageradiantintensitybutalsothemaximumradiantintensityfor eachobject.To
obtainan energy valuefrom incidentirradiancerequiresa multiplicationby the total
projectedareaof thecluster’s contentsin direction  , I 2  , introducedin Section2.4.





z  I n 2 cy npo (15)
 I n vw3  o "  m@npo (16)
Note that the previousdiscussionignoresintra-clustervisibility issues.Theseare
not treatedin thispaper, althoughrecentwork showsthatit is possibleto integratetheir
effectwith reasonablecost[8]. It is interestingto notethebenefitof storingtheradiant
intensityin the form of a directionaldistribution,sincethe transferestimatedoesnot
requirethe interrogationof the clustercontents.This representsa potentialgain over
previoushierarchicalclusteringalgorithms[6, 10].
3.3 Gather
Dueto thechangein quantitiesusedto representandstorelight, thetraditionalprocess
of gatheringacrosslinkedclustersor surfacesmustbeappropriatelymodified.
Oneof themostimportantchoicesto bemadewhenrepresentingdirectionalprop-
ertiesin a hierarchyof clusters,is which propertiesto storeexplicitly at all levelsin
thehierarchyandwhich to storeimplicitly by pushingthemdownto thelevelatwhich
additionalstoragecostis incurred.In particulartheefficienttreatmentof incidentenergy
contributionsrequiressomeattention.We considerheretwo alternatives,anddiscuss
their relativemerits.
Storing an incident radiance distribution The simplestdirectionalclusteringalgo-
rithm is probablyonewhereincomingradianceis storedwith eachcluster, togetherwith
(outgoing)radiantintensity. Themainadvantageof thisapproachis thattheamountof
work performedfor eachlink in thegatheringphaseis fixed, anddoesnot dependon
theclusters’complexity. This“constant-time"transfercomputation,combinedwith the
linearnumberof links with respectto thetotal numberof surfaces[3, 10], resultsin a
clusteringalgorithmwith linearasymptoticcomplexity.
Unfortunately, storingincomingradianceis difficult andexpensive.First,inthecon-
textof our frameworkwewantto useacontinuous,directionalfunctionrepresentation.
Incoming radianceis inherentlydiscontinuous,as for instancethe contributionof a
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givensourceis non-zeroonly for directionsreachingthesource.This difficulty canbe







thelink at this level, it is reasonableto assumethat thetransferis well representedby







, usingasimpleparametricfilter in theshapeof apeak.Weareinvestigatingtheuse
of rotated {2|} 7 v~B distributionsasconvolutionfilters. Clearly howeverthis operation
involvesa significantadditionalcomputationalcost.
In addition,explicit storageimpliestheneedfor anexpensiveconvolutionoperation
whenpushingthe incomingradiancedownthehierarchyof clusters.At the transition
from clustersto surfacestheconversionfrom incidentradianceto radiantintensitymust
beperformed,asshownin Equations12for thegeneralcaseand13for thediffusecase.
Again this impliessignificantadditionalcomputation.
Immediate propagationof incoming contributions An alternativeto storageof in-
comingradianceis to explicitly pushincominglight downthehierarchyateachgather
operation.To performthis we no longerconsiderradiance,but irradiance, computed
as in Section3.2. This quantity, accompaniedby the incomingdirection  is pushed
down the clusterhierarchyby simpleaddition.This irradianceis the term +,2  M_ 5U
in Equation12. At thesurfacelevel we needonly evaluateEquation12, replacingthe
integralby an“impulse" from direction  , with thesurfaceirradiancevalue y npop4 57 2  .
Thissurfaceirradianceis usedto scalethesurface’sBRDF, whichreducesto aconstant
for diffusesurfaces.
3.4 Push/Pull
In our implementationwe havechosenthe option of immediatepushingof incoming
radianceasopposedtostoringthequantityasadirectionalfunction.Thusthetraditional
Push-Pulloperationonly needsto performthe“Pull” portion,sincethe“Push” occurs
at thegatheringstage.Sinceradiantintensityis a powerquantity, theradiantintensity
of a clusteris obtainedfrom thatof its sub-clustersby simplesummation.Theresultis
a combineddirectionalfunctionrepresentingthetotal radiantintensityof thecluster.
4 Representationof Dir ectionalDistributions
Severalstorageschemeshavebeeninvestigatedin thecontextof simulatingnon-diffuse
radiantexchanges.A major difficulty in selectinga representationis to achievethe
bestpossiblebalancebetweenthestoragecostof eachoptionandits suitabilitygivena
numberof algorithmicrequirements.Any finiterepresentationof directionalfunctionsis
basedontheselectionof anumberof basisfunctions.Therepresentationof adistribution
thenconsistsof its coordinatevectorin thechosenbasis.
Previousalgorithmsemployfor exampleconstantbasisfunctionsdefinedover the
cellsof a “global cube” [4], or sphericalharmonicsbasisfunctionsup to a prescribed
order[2, 7]. Theglobalcubeapproachhastheadvantageof simplicity, first becauseit
is very easyto manipulate,but alsobecausefunctionproductscanbeevaluatedeasily
(sincethe basisfunctionshavenon-overlappingsupport).Howeverit is inherentlya
discontinuousrepresentation,proneto disturbingrenderingartifacts.
Sphericalharmonics,on theotherhand,alwaysproducecontinuousfunctions.But




In our implementationwe use sphericalharmonicsbasisfunctions.Theseform an
orthogonalbasisof thesetof distributionson theunit sphere.This infinite collectionof
basisfunctionsis typically denotedby  v~-2 where ;>1 and w1 .
In directanalogywith aFourierseriesin onedimension,anysquare-integrablefunction, v~-2 , canbeexpressedin thisbasis,with asetof scalarcoefficients    .
An approximaterepresentationof a directionalfunctionis obtainedby storingonly
thefirst few coefficientsof this decomposition,up to a givenmaximumlevel.BRDFs
canbeencodedby suchvectorsof coefficientsfor usein a radiositysimulation[7].
Representationof diffuse surfacesusing Tangent-Sphere functions In the diffuse
case,all radiant intensity distributionsare combinationsof orientedTangent-sphere
functions(seeEquation13).
Thedecompositionof
4657 "  into sphericalharmonicscanbecomputedfor a given
direction  . Thesimpleshapeof this functionallowsa very goodapproximationwith
only 9 coefficients( @ ). Thecoefficientsof thisdecompositionarethusfunctionsof , andtheycanthemselvesbedecomposedusingsphericalharmonicsof  . Thisdouble
decompositionwasalreadyusedby Westinet al. to representanisotropicBRDFs[12].
In our caseit is storedin a datafile, sincethe Tangent-spherefunction is alwaysthe
same.
Thesphericalharmonicsrepresentationof
4657 "  is obtainedby evaluatingthevalue
of eachcoefficientfor thedirection  . Sincethisonlydependsonthesurfaceorientation,
it is only performedoncein theprogram,andis thenstoredwith thepolygon(andthus
sharedby all hierarchicalelementson thesurface).
Computation of thescatteringintegral If incidentradianceisstoredwith theclusters,
the integral in Equation12 must be evaluatedat eachcluster-surfaceinterface.The
convolutionof incidentradianceandtheBRDF is quitecostly to compute,especially
sincefunctionproductsaredifficult toexpresswith sphericalharmonicscoefficients.We
arecurrentlyinvestigatinganefficient algorithmto computesuchconvolutions,based
on theuseof recurrencerelations,andtheobservationthattheintegralof a functionis
representedby it’s ( ; ; ) coefficient.
5 Implementation and First Results
Wehaveimplementedtherepresentationof radiantintensityandtheequivalent push/pull
operationin our testbedclusteringsystem.As describedabovewe haveusedspherical
harmonicsfor the representationof directionalfunctions.Our implementationis still
preliminaryin thesensethat for now a limited numberof orientationsareallowedfor
non-diffusesurfaces.Thecolor platesin the appendixdemonstratetheversatilityand
highpotentialof themethod.
5.1 Dir ectionalpropertiesfor clustersof diffuse surfaces
We first considertheanisotropicbehaviourof clusterscontainingonly diffusesurfaces.
Plate2 showsan examplewith over 6,000surfaces.The ceiling receivesno primary
illumination, andis only illuminatedby light reflectedby the cluster. We seethat the
patternof light on theceiling is displacedwith respecto theverticaldirection.
As anindicationto thereaderof therelativecostof thestorageof directionalradiant
intensity, comparisonsaremadeto imagesgeneratedusing the algorithmspresented
in [6, 8], in which directional functionsare not used.Since the refinementcriteria
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areno longer the same,we setour subdivisionthresholdso that the two executions
result in similar numberof links refinedfor two iterations.The following tablegives
the computationtime (in seconds)andmemorycost(in Mb) for directional(dir) and
traditional(trad)clusteringalgorithms.
Name PolygonsTime(dir) Time(trad)Mem.(dir) Mem.(trad)
Simple 13 29.6 24.0 8.5 4.7
Cubes 6000 140.0 46.1 13.4 6.9
We seethat the computationtime for the directionalapproachis between20%
to 3 timeshigher. This canbe explainedby the additionalexpensein combiningthe
tangentspherefunctionsand the directionalrepresentationsof radiantintensity. The
comparisonsare given only as an indication; in the resultingimagesfor the   M(
scenethe directionalalgorithm obtainsa much higher quality representationof the
secondaryilluminationon theceiling (seePlate2).
Thememoryrequirementsfor thedirectionalrepresentationareapproximatelytwice
that of the traditionalclusteringapproach.Thesenumbersaremoremeaningfulsince
theyarenotaffectedasmuchby thedifferentrefinementcriteria.If thegrowthfactoris
closeto theindicatedfactorof two, this impliesthatmemoryutilization doesnot pose
a major problemfor our approach,sinceevenvery complexsceneswill not require
unmanageableamountsof memory.
5.2 Resultsfor generalreflectors
Plates3 and 4 show simulationsperformedwith a clusterof glossysurfaces.Both
directionalreflectionanddirectionalattenuationaredemonstrated,by illuminating the
scenefrom two differentdirections.Plate5 illustratestheview-dependentcharacterof
radiantintensitydistributions,with two differentviewsof thesamescene.Computation
timesfor all theseimagesrangefrom 17 to 103seconds.
6 Discussionand Conclusions
We havepresenteda generalframeworkfor the hierarchicalrepresentationof energy
exchangestaking into accountthe non-uniformdirectionalbehaviorof surfacesand
objectclusters.Althoughconceptuallysimple,thisapproachraisesanumberof practical
issues,whichwediscussbelow.
Benefitsand limitations of the Appr oach The explicit representationof directional
radiant functions for object clustershas severalimportant benefits.First, it allows
a smoothintegrationof non-diffuse reflectorsin a clusteringalgorithm. Second,if
incoming radianceis storedexplicitly, it reducesthe asymptoticcomplexity of the
clusteringalgorithm.Third,theconsiderationof directionalextinctionpropertiesgreatly
improvesthe applicability of the approximatetransmissioncalculationbasedon the
volumeanalogy. Finally, themethodallowsthesimulationof non-isotropicscattering
volumeswith arbitraryphasefunctions.In practicewe considerthat the mostuseful
featureis theability to mix diffuseandnon-diffusereflectorsin a sceneat a moderate
additionalcost.In particulartheoverheadcostsfor diffusereflectorsremainreasonable,
while allowing muchmoreaccuratetransfersbetweenclusters.We tendto preferthe
optionof implicit storagefor incidentradiance,sinceit appearsverydifficult todoaway
completelywith anytraversalof thehierarchyduringthegatheringstage.For instance,
the considerationof intra-clustervisibility is mucheasierwhen eachcontributionis
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pusheddownto thesurfaces[8]. Theefficient representationof directionalfunctionsis
a difficult issue.For generalreflectorsmanysphericalharmonicscoefficientsmay be
needed,resultingin highstorageandcomputationcosts.
Futur edir ections A majorareaof researchfor futurework is theinvestigationof multi-
resolutionrepresentationsof directionalfunctions.It maybepossibleto storedifferent
levelsof detail at eachcluster, insteadof storinga completedistributioneverywhere.
This would dramaticallylower thestoragecosts,while allowing truemulti-resolution
visibility computationthroughobjectclusters[8]. Anotherinterestingdirectionis the
computation(andstorage)of completescatteringfunctionsfor all clusters.Thesewill
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Plate 1. Usingdirectionalvisibility information:(a) representationof thedirectionalextinction
coefficient for the clusterof slantedobjects.(b) Simulationshowingthe varyingattenuationin
the shadowarea.(c) Simulationusingisotropicextinction:notethe uniform attenuationin the
shadowarea.
Plate 2. Solutionfor a scenewith 6000diffusesurfaces.(a) directionaland(b) non-directional
clustering.
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Plate 3. Simulationwith a clusterof specularreflectors(overheadillumination): (a) distribution
of radiantintensityfor theselectedcluster. (b) final image.
Plate 4. Simulationof thesamescene(with illumination comingfrom theside).Comparingto
Plate3, notethechangein secondaryilluminationandthechangein thecluster’sshadow.
Plate 5. Two viewsof a scenewith glossysurfaces(floor andtabletop).Notethedifferencesin
theappearanceof thenon-diffusesurfaces.
